Andreev bound states in clean, ballistic SNS and SNSNS junctions are calculated exactly and by using the Andreev approximation (AA).
aluminum is used. Various features of the proximity effect are shown.
I. INTRODUCTION
In 1991, Tanaka and Tsukada [1] investigated the energy spectrum of the quasiparticle states in a superconducting superlattice based on a Kronig-Penney model potential. The calculations were done using the Andreev approximation [2] and the system considered was infinite in both the transverse and the longitudinal dimensions. In this paper we concentrate on three additional aspects: i ) we do the exact calculation and investigate the reliability of the Andreev approximation, ii ) we do the calculation for a limited number of layers, which relates better to a possible experimental situation, and iii ) we investigate the transverse size dependence of the relevant properties such as the local density of states. The systems we consider cover the entire range from very narrow transverse dimensions to wider ones, thereby simulating 1, 2 and 3-dimensional systems.
The authors are aware of two studies focusing on the transverse size dependence of Andreev bound states and the quasiparticle local density of states.Šipr and Györffy [3] show the splitting of the degenerate bound states found in the Andreev approximation by studying the exact solution of the Bogoliubov-de Gennes equations. Their study is limited to a superconductor-normal metal-superconductor (SNS) junction and no self-consistency of the gap is considered. A second study, by Blaauboer et al. [4] , is a rather global one, but in that study the multiple-scattering Green's function formalism developed by Koperdraad [5] was applied for the first time. The local density of states of normal metal-superconductor (NS) and SNS junctions were calculated, but the breakdown of the Andreev approximation was not noticed.
We want to extend these studies by considering self-consistently obtained gap functions and by studying a system with more than two interfaces, looking for the influence of an additional superconducting layer to the Andreev bound state spectrum. The multiple-scattering Green's function formalism to be used [5] is an extension of the formalism introduced by Tanaka and Tsukada [1] in that no Andreev approximation is made. In addition it is set up in a quite different way, such that the multiple scattering of the (quasi)particles by the different interfaces is exhibited explicitly.
The paper is organized as follows. First we give a concise account of the main features of the theory. In Sec. III the local density of states for the two systems considered is studied.
In Sec. IV the gap function is calculated self-consistently for a bar-shaped superconductor and for the NS, SNS and SNSNS junctions. Concluding remarks are given in Sec. V.
Throughout the paper, Rydberg atomic units are used, in which the energy is in Rydberg, the distance is in Bohr (1 Bohr ≈ 0.5Å),h = 1, and the electronic mass is 1 2 .
II. THEORY
Although in this paper a Green's function formalism is used, we first give the Bogoliubov- 
used byŠipr and Györffy [3] to investigate the bound states of a SNS junction shown in the upper panels of FIG. 2. The main reason is that our formalism will be expressed in terms of the solutions of these equations. The inhomogeneity of the system is expressed by the space dependence of the gap ∆(r). In the superconducting parts the gap is a complex constant whereas in the normal metal it is zero. The spinor wavefunction describes quasiparticle excitations and the energy E is measured with respect to the Fermi energy µ. 
where φ is the phase of the complex constant ∆, and
The discretized nature of the transverse wavevectors is due to the vanishing of the wavefunctions on the transverse boundaries. The four standard solutions are labeled with the sign indices σ and ν that can both be equal to ±1. By this convention, the index σ refers to the type of particle (electronlike for σ = +1 and holelike for σ = −1) and the index ν indicates the direction of propagation (ν = +1 to the right and ν = −1 to the left). The complete solution of Eq. (1) is a linear superposition of Eq. (2) for different possible combinations of (σ, ν). The above equations also hold for a normal metal by letting ∆ = 0, in which case the subscript S is to be replaced by N.
The Green's function formalism is outlined extensively by Koperdraad et al. [5] . It is an extension of the microscopic theory used by Tanaka and Tsukada, in that the electron-hole scattering properties are treated exactly, and it traces back to the microscopic description of superconductivity by Gor'kov [6] and Ishii [7] . For the sake of completeness and clarity we summarize its main features and add relevant new elaborations. The matrix Green's function satisfies the equation
in which the differential operator is closely related to the operator in the Bogoliubov-de Gennes equations (1) apart from the replacement of E by iω n where ω n = πnk B T with n a ± odd integer.
The quantity ω n is called the Matsubara frequency. Possible inhomogeneities of the system are fully represented by the r dependence of the gap function. As far as the transverse direc-tions are concerned the general solution of Eq. (7) can be expressed as a linear combination of solutions (2) over all allowed values of k y , k
The transverse standing waves are normalized to unity, which implies the orthogonality
for the y coordinate and a similar condition for the z coordinate. The Fourier coefficient
can be obtained from Eq. (9) using Eq. (10). It takes the form,
Using Eq. (11), Eq. (7) can be written as
Before we proceed we want to make the terminology clear.
that it is the solution of Eq. (12), but this equation demonstrates that it is diagonal in k y and k z . That facilitates both the notation, because the variables k ′ y and k ′ z can be omitted, and the calculation of G(r, r ′ , iω n ) according to Eq. (9) . In calculating the local density of states and the self-consistent gap function, we will need the Green's function for diagonal spatial coordinates. As long as we keep x = x ′ , we can already take y = y ′ and z = z ′ in Eq. (9). Since we are only interested in the variations over the longitudinal direction x, we can average over the transverse dimensions. By that Eq. (9) simplifies to the series
First we give the Green's function of a homogeneous bar-shaped superconductor
in which iΩ S = (iω n ) 2 − |∆| 2 . The wavefunction ψ Now we give the Green's function for a system with one interface. To account for the scattering at the interface, its appropriate form appears to be
The label S in Eq. (14) has been replaced with the more flexible label νj indicating the position x j of the interface. The subscript +j means x is in the right-hand side of the interface x j and −j means that it is in the left-hand side. The first term is nonzero only if the starting and final points, x ′ and x respectively, are at the same side of the interface. The second term takes into account the scattering of the particle at the interface. This scattering is aptly described by the parameter we call scattering t-matrix, t σσ ′ νν ′ νjν ′ j . For a superconducting bar the t-matrix is zero, because there is pure propagation and no scattering. The scattering t-matrix can be obtained by imposing the continuity of the Green's function and its derivative at the interface. We then obtain
In applying the above interface matching condition, it has come out to be convenient to use an extended definition
of the wavefunction ψ νjν ′ j ′ . Whereas the t-matrix describes the scattering of the particle at a particular interface, this quantity describes the multiple scattering of the particle at the interfaces along its path. We call this the multiple scattering T -matrix. The T -matrix is in fact a function of the t-matrix and is given by the multiple scattering equation
To solve this equation it is necessary to first solve for the t-matrix at each interface using
Eq. (18).
Until now no approximations have been made in using the solutions (2) of the Bogoliubovde Gennes equations. In applying the formalism given above to the calculation of the density of states, iω n has to be replaced by E + iδ. After that one can make the frequently used Andreev approximation, which amounts to the replacement Fx . In the present paper we will investigate its limitation by looking at
III. THE LOCAL DENSITY OF STATES
Sec. II provides the basic machinery to determine the matrix Green's function, which enables us to calculate the local density of states (LDOS) at a position x using the equation
in which G 11 is the upper left matrix element of the multiple scattering Green's function (20).
Although we only study Andreev bound states, which imply infinite peaks at the boundstate energies, the Green's function formalism makes it possible to broaden the peaks by using a small value of δ. The peaks acquire a finite height and must correspond to the bound-state energies.
A. The SNS Junction
We first apply the formalism discussed in Sec. II to a superconductor-normal metal- 
To implement this in matrix form, we must see to it that the elements of the T -matrix in both sides of the equation are arranged in the same manner. Thus, its elements in the right-hand side of the equation must be similarly displayed as in the left-hand side. This can be done by writing Eq. (24) in the form To investigate the validity of the Andreev approximation in our SNS junction, we will focus on the choice of the transverse width L y = L z = L t of the junctions. The transverse wave components of the wavefunction (2) are standing waves proportional to sin(k y y) sin(k z z)
where k y and k z are given by Eq. (3). The different combinations of (k y , k z ) or (n y , n z ) are called modes whose allowed values are determined by
When the transverse dimension is small, the second term in the right becomes large, as a result, only a few modes will be allowed. If this term exceeds the chemical potential µ, k Fx becomes imaginary, the wavefunction is damped, and consequently, such mode cannot exist. For larger transverse dimensions, the second term is smaller whereupon more modes are allowed. Most of our calculations will be done for small L t so that only few modes will exist. We will tune L t such that k The peaks represent discrete energy states [4] . We make the width of the curves, determined by the the parameter δ in E + iδ, wide enough so that the fundamental features can be seen.
The numbers in parentheses denote the mode to which the energy belongs. In In FIG. 8(b) , the length L of the SNSNS system is 8000 Bohr and the lengths of the N parts are again kept at 1000 Bohr. This makes the middle superconductor 6000 Bohr in length, which is longer than the BCS coherence length.
In both figures the gap of the middle superconductor is 0.25∆. Thus, there is effectively complete decoupling in FIG 8(b) . In addition, one sees that the (2, 2) peaks are lying closer to one another for the longer system, which is in line with the
behavior of the energies.
IV. SELF-CONSISTENT CALCULATION OF THE GAP
In the preceding discussions, the gap function ∆ used in the calculation is steplike, that is, it has a finite constant value in the superconducting part and is zero in the normal part.
At the interfaces, it has a step discontinuity. This configuration is shown in FIG. 2 . So in the calculation of the bound states in Sec. III, the proximity effect is not taken into account.
However we want to demonstrate in this section that our formalism makes it possible to show that the actual gap function is not steplike, but decreases smoothly towards the interface and abruptly goes down to zero in the normal metallic layer. This proximity effect is studied in the present section. In addition, the actual gap function will be calculated self-consistently.
The self-consistency condition is given by
in which F (r, r, 0 + ) is the well-known anomalous Green's function [6] given by the upper right element of the original (r, τ )-dependent matrix Green's function. Taking into account the expansion of the matrix Green's function over the Matsubara frequencies and the transverse wave vectors, we obtain
where F (x, x, k y , k z , iω n ) is the upper right element of the matrix Green's function in Eq.
(20). The summation over the Matsubara frequencies is restricted by the Debye temperature θ D according to the formula,
The summation over the transverse wave vector is over all positive values of k y and k z . Another approximation can be made by noting that the terms involving k ⊥ >> √ µ do not have significant contributions to the sum. This allows us to evaluate a finite number of terms instead of evaluating an infinite series. In our calculation we take
In determining the coupling constant V according to the BCS-relation
we use T c = 1.2 K and ω D = 375 K for aluminum. We find V = 9.516 Ry.
A. The Bar-Shaped Superconductor
The matrix Green's function for a bar-shaped superconductor G 0 S (x, x, k y , k z , iω n ) is given by Eq. (14). By substituting the upper right element of this Green's function in Eq. (28) one straightforwardly obtains the following selfconsistency condition for the homogeneous bar-shaped superconductor,
In calculating the gap self-consistently, we first assume an initial value of the gap. By substituting it on the right-hand side of Eq. (31) we obtain a new value of the gap. Then this new value is again substituted on the right-hand side to get another new value. This procedure can be repeated until the difference between successive iterations is negligibly small. As shown in FIG. 9 , the difference between the first ten iterations is still significant.
After about 80 iterations, the value of the gap stabilizes to 1.106 × 10 −5 Ry. The transverse length is 1000 Bohr and the temperature is 0.6 K. The initial value of the gap is 2.0 × 10
Ry. These oscillations can be attributed to the discreteness of the transverse wave vector. As the transverse width increases, the transverse wave vector approaches the continuous regime which can be gauged from the gap becoming closer to its bulk value obtained by integrating instead of summing over the transverse wave vectors. In the figure, we show the bulk value at 0.2 K. Another interesting thing which can be seen in the figure is the suppression of superconductivity for narrower transverse dimensions. We notice that as the temperature increases the onset of the suppression of superconductivity occurs at higher values of L t .
In FIG. 11 we show the temperature variation of the gap for different transverse widths L t . A residual value of the gap for the bulk superconductor can still be observed beyond the critical temperature (1.2 K for aluminum). We also notice small-amplitude oscillations of the gap at higher temperatures, which only show up in the curves for larger transverse dimensions. For smaller transverse dimensions, the oscillations are suppressed. These oscillations are due to the cut-off in the summation over the Matsubara frequencies. For lower temperatures, the cut-off value n max in Eq. (29) becomes very large and the results are no longer sensitive to it.
B. The NS System
The matrix Green's function appropriate for a normal metal-superconductor system is given in Eqs. (16) Before presenting our results, we want to mention a computational problem which has to be solved. Due to the explicit presence of the position x j in Eq. (18), the matrices involved have alternating columns of very small and very large values which the computer cannot handle anymore. However this problem is not intrinsic to the formalism and can be solved by appropriate rescaling. By defining the matrixt
the Green's function (16), combined with Eq. (17), obtains the form
in which only position differences occur. The rescaled matrixt is determined by the equation
found straightforwardly from the original equation (18).
FIG
. 12(a) shows the spatial variation of the gap near the interface of a normal metalsuperconductor system at T = 0.6 K for different transverse widths. At a distance of 30000
Bohr from the interface, which is about six times the coherence length (≈ 4500 Bohr), the gap is slightly smaller than the one obtained for the bar-shaped superconductor. The differences are about 7.79%, 6.57%, and 2.93% of their bar value for L t = 99.8514, L t = 100, and 1000
Bohr, respectively. At 4000 Bohr, which is of the order of the coherence length from the interface, the differences are about 21.7%, 20.44%, and 14.71%, respectively. These figures lead to the inevitable conclusion that for larger transverse dimensions, the proximity effect is less pronounced than for smaller ones. This may be due to the fact that for small transverse dimensions the superconductivity tends to be suppressed. We find that the difference seen (27)) which has a finite value in the normal metallic region near the NS interface but it decays in the inner region of the normal metal.
C. The SNS System
In the superconductor-normal metal-superconductor system, there are two interfaces which we designate as x 1 and x 2 . The t-matrices must be determined at these interfaces so that we can evaluate the T -matrix. The unpleasant singularities due to the explicit presence of the position of the interfaces in Eq. (18) can be removed by using Eq. (32) resulting to a corresponding transformation of the T -matrix given bŷ
By implementing this, the multiple-scattering Green's function (20) and Eq. (21), which determines the T -matrix in terms of the t-matrices, can be modified straightforwardly. It can be seen that for larger L the gap function is lesser in magnitude. This is another manifestation of the proximity effect.
D. The SNSNS System
The extension of the steps outlined in Sec. IV C leading to the T -matrix and the matrix Green's function for a SNSNS system is straightforward. In this case we have to consider four interfaces but the procedure is basically the same. In the outer superconductors, we again use the self-consistent value of the gap for the superconducting bar we have calculated in Sec. IV A. In calculating the gap in the middle superconductor self-consistently, we apply the recipe introduced by Tanaka and Tsukada [1] . We start the iteration procedure by taking Further note that the gap and the pair amplitude are higher for the system with narrower normal-metal part, which is just another manifestation of the proximity effect. Although by definition the gap is zero in the normal-metal parts, the pair amplitude is different from zero. This is also a manifestation of the proximity effect. If the width of the normal-metal layers had been much larger than the sum of the coherence lengths of the outer and middle superconductors, the pair amplitude would have been zero there except in those regions near the interfaces.
V. CONCLUSIONS AND FUTURE PROSPECTS
The multiple-scattering Green's function formalism developed by Koperdraad [5] has been applied to determine the Andreev bound states in SNS and SNSNS junctions through the local density of states and to calculate the superconducting gap function self-consistently.
We have shown that for transverse junction widths tuned such that the motion in the longitudinal direction is very slow, the Andreev approximation breaks down. For these transverse dimensions, the highest mode is supported by many bound states whose degeneracy is lifted when no approximation is applied. The thickness used for the normal metallic layers is chosen such that the lower modes are each supported by only one nondegenerate state. Results for the self-consistent gap functions exhibit various features of the proximity effect.
Furthermore, our results show that for small transverse dimensions, superconductivity is suppressed.
The formalism is applicable to systems of an arbitrary number of layers. In addition, it allows for the calculation of the supercurrents through such junctions, to which selfconsistent gap functions are necessary [1, 5] . This will be investigated in the near future. 4.0x10 -6 6.0x10 -6 8.0x10 4.0x10 -6 6.0x10 -6 8.0x10 4.0x10 -6 6.0x10 -6 8.0x10 -6 1.0x10 -5
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